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Abstract
The finiteness condition of renormalization gives a restriction on
the form of the gravitational action. By reconsidering the Hathrell’s
RG equations for massless QED in curved space, we determine the
gravitational counterterms and the conformal anomalies as well near
four dimensions. As conjectured for conformal couplings in 1970s, we
show that at all orders of the perturbation they can be combined into
two forms only: the square of the Weyl tensor in D dimensions and
ED = G4 + (D − 4)χ(D)H2 − 4χ(D)∇2H,
where G4 is the usual Euler density, H = R/(D − 1) is the rescaled
scalar curvature and χ(D) is a finite function of D only. The number
of the dimensionless gravitational couplings is also reduced to two.
χ(D) can be determined order by order in series of D − 4, whose
first several coefficients are calculated. It has a universal value of
1/2 at D = 4. The familiar ambiguous ∇2R term is fixed. At the
D → 4 limit, the conformal anomaly ED just yields the combination
E4 = G4 − 2∇2R/3, which induces Riegert’s effective action.
1E-mail address: hamada@post.kek.jp; URL: http://research.kek.jp/people/hamada/
1 Introduction
Recently, it has become increasingly important to understand how to in-
clude gravity within the framework of quantum field theory, especially when
we consider models of the early universe such as inflation and quantum grav-
ity. How to handle gravitational divergences is one of the most significant
problems in this area.
We here consider gravitational counterterms for a four-dimensional quan-
tum field theory in curved spacetime. Usually, we consider three independent
gravitational counterterms and associated three dimensionless coupling con-
stants. For a conformally coupled theory, however, there is an old conjecture
in 1970s that gravitational divergences are simply renormalized by using con-
formally invariant counterterms: the square of the Weyl tensor and the Euler
density [1, 2, 3, 4, 5].
At a later time, however, the seemingly negative result that the R2-
divergence appears in calculations of 3-loop or more using dimensional regu-
larization was reported by Brown and Collins [6] and then by Hathrell [7, 8]
and Freeman [9]. On the other hand, Hathrell also showed in his paper
that two counterterms of the Euler density and R2 are related to each other
through renormalization group (RG) equations.
In this paper, we revive these old works and reconsider the meaning of
their RG equations. It is then revealed that the appearance of the R2 di-
vergence is simply a dimensional artifact coming from the fact that there is
an indefiniteness in D-dimensional gravitational counterterms that reduce to
conformally invariant ones at four dimensions. We see that the Euler density
and R2 counterterms can be unified and the number of gravitational cou-
plings can be reduced for conformally coupled theories. At the same time,
the ambiguous term ∇2R in conformal anomaly can be fixed completely.
In four dimensions, the conformal anomaly is obtained by regularizing
the divergent quantity δ4(0) = 〈x|x′〉|x′→x coming from the path integral
measure. On the other hand, if we use dimensional regularization, the result
is independent of how to choose the measure because of δD(0) =
∫
dDk = 0.
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This fact suggests that in dimensional regularization the information of the
measure is contained between D and 4 dimensions. Thus, it is significant to
determine the D-dependence of the counterterms. It is one of the aims of
this study as well.
2 QED in Curved Space
As a prototype of conformally coupled quantum field theory, we here
consider massless QED in curved space, because it is the simplest theory
with unambiguously fixed coupling between fields and gravity.
To begin with, we define the theory using dimensional regularization and
summarize the notation and conventions. The action of QED in curved space
is defined by
S =
∫
dDx
√
g
{
1
4
F0µνF
µν
0 + iψ¯0D/ψ0 +
1
2ξ0
(∇µA0µ)2 + a0FD + b0G4 + c0H2
}
,
where we consider the Wick-rotated Euclidean space. The quantity with
the subscript 0 denotes the bare quantity before renormalization. The Dirac
operator is defined by D/ = eµaγaDµ, where e
a
µ are vierbein fields in D dimen-
sions satisfying e aµ eνa = gµν and eµae
µ
b = δab. The Dirac matrices are normal-
ized as {γa, γb} = −2δab. The covariant derivative acting fermions is defined
by Dµ = ∂µ +
1
2
ωµabΣ
ab + ie0A0µ, where the connection 1-form and Lorentz
generators are given by ωµab = e
ν
a(∂µeνb − Γλµνeλb) and Σab = −14 [γa, γb], re-
spectively. The ghost action is disregarded here because we discuss coupling-
dependent parts only.
For the moment, we consider the three types of gravitational counterterms
adopted by Hathrell in his original paper [8]. The term FD is the square of
the Weyl tensor in D dimensions defined by
FD = RµνλσR
µνλσ − 4
D − 2RµνR
µν +
2
(D − 1)(D − 2)R
2. (2.1)
The term G4 is the Euler density and H is the scalar curvature scaled by a
2
D-dependent factor, respectively, as
G4 = R
2
µνλσ − 4R2µν + R2, H =
R
D − 1 .
Our sign convention of a0, b0 and c0 is different from [8]. In the later sections,
we will show that the last two counterterms can be combined into one at last
by relating b0 and c0. On the other hand, a0 does not mix with the others.
The renormalization factors for quantum fields are defined by
A0µ = Z
1/2
3 Aµ, ψ0 = Z
1/2
2 ψ
and the renormalizations of the coupling constant and the gauge-fixing pa-
rameter are defined by
e0 = µ
2−D/2Z
−1/2
3 e, ξ0 = Z3ξ.
Here, µ is an arbitrary mass scale to make up the loss of mass dimensions
and thus the renormalized coupling e is dimensionless. In the following, we
mainly use the fine structure constant defined by α = e2/4pi.
The RG equations are derived from the fact that bare quantities are
independent of the arbitrary mass scale µ such as
µ
d
dµ
(bare) = 0, µ
d
dµ
= µ
∂
∂µ
+ µ
dα
dµ
∂
∂α
+ µ
dξ
dµ
∂
∂ξ
+ · · · .
First, we consider the following equation:
µ
d
dµ
(
e20
4pi
)
= 0 =
µ4−D
Z3
α
(
4−D − µ d
dµ
logZ3 +
µ
α
dα
dµ
)
.
From this, the beta function for α is defined as
β(α,D) ≡ 1
α
µ
dα
dµ
= (D − 4) + β¯(α),
where β¯ = µd(logZ3)/dµ. If we expand the renormalization factor as logZ3 =∑
∞
n=1 fn(α)/(D − 4)n, β¯ is determined to be α∂f1/∂α and the equation
3
∂fn+1/∂α + β¯∂fn/∂α = 0 must be satisfied in order that the beta function
is finite when the D → 4 limit is taken.
In the following, we must be aware of the difference between β and β¯,
because 1/β¯ is finite, while
1
β
=
1
D − 4
(
1 +
∞∑
n=1
(−β¯)n
(D − 4)n
)
(2.2)
has poles in the expansion for α.
The gravitational counterterms are defined by
a0 = µ
D−4 (a+ La) , La =
∞∑
n=1
an(α)
(D − 4)n ,
b0 = µ
D−4 (b+ Lb) , Lb =
∞∑
n=1
bn(α)
(D − 4)n ,
c0 = µ
D−4 (c+ Lc) , Lc =
∞∑
n=1
cn(α)
(D − 4)n ,
where La,b,c are the pure-pole terms whose residues are the functions of α
only and a, b, c are the gravitational coupling constants. The beta functions
for them are defined by
βa(α,D) ≡ µda
dµ
= −(D − 4)a+ β¯a(α)
and similar expressions for b and c.
As in the case of β, from the conditions that the bare coupling a0 is inde-
pendent of µ and βa is finite, we obtain the expression β¯a(α) = −∂(αa1)/∂α
and the equation
∂
∂α
(αan+1) + β¯α
∂an
∂α
= 0 (2.3)
for n ≥ 1. The similar equations also satisfy for bn and cn.
When we discuss the finiteness of the theory, various normal products,
namely finite composite operators, are significantly used. The normal prod-
uct of dimension 4 is constructed as a linear combination of all available
4
composite operators of dimension less than or equal 4 with appropriate sym-
metry and have to reduce to the bare field in the vanishing coupling limit.
For example, [FµνF
µν ] = (1+
∑
poles)F0µνF
µν
0 + (
∑
poles)(other operators),
where the notation [ ] denotes the normal product. The derivation of this
normal product is briefly summarized in Appendix A.
The trace of the energy-momentum tensor denoted by θ, which is intrin-
sically in a bare quantity obtained by applying δ/δΩ = (2/
√
g)gµνδ/δgµν to
the action, can be written in a finite expression using the normal products
as
θ =
D − 4
4
F0µνF
µν
0 +
D − 1
2
E0ψ + (D − 4)
(
a0FD + b0G4 + c0H
2
)
− 4c0∇2H
=
β
4
[FµνF
µν ] +
1
2
(D − 1 + γ¯2) [Eψ]
−µD−4
(
βaFD + βbG4 + βcH
2
)
− 4µD−4(c− σ)∇2H, (2.4)
where γ¯2 = γ2 − (D − 4)ξ∂(logZ2)/∂ξ is a combination that becomes inde-
pendent of ξ and γ2 = µd(logZ2)/dµ is the usual anomalous dimension. The
normal product [Eψ] is the equation-of-motion operator for fermions defined
in Appendix B. From the finiteness of the energy-momentum tensor, the α-
dependent function σ in the last term is determined to be β¯c + σβ¯ = 0 and
Lσ in (A.2) becomes equal to Lc. This is the expression of the conformal
anomaly derived by Hathrell.
This expression, however, has the following undesirable structure. Taking
the D → 4 limit, we can see that the dependence on the unspecified param-
eters µ, a and b in (2.4) disappears, but c in the last term remains with a
finite effect, which is known as the ambiguous ∇2R term in the conformal
anomaly. One of the aims of this paper is to remove such an ambiguity and
express the conformal anomaly in a simpler form.
3 Hathrell’s RG Equations
In this section, we briefly review the Hathrell’s RG equations [8], which
are derived on the basis of the RG analysis by Brown and Collins [6] combined
5
with a study of renormalized composite operators to deduce relationship
between various quantities in the theory.
3.1 Two-point functions
We first consider the two-point function of the energy-momentum tensor
modified as
θ¯ = θ − 1
2
(D − 1)[Eψ].
Since one-point functions are dimensionally regularized to zero for a massless
theory in flat space, 〈[Eψ(x)]P (y)〉flat = 〈δP (y)/δχ(x)〉flat = 0 is satisfied for a
polynomial composite P (y) in the fields ψ¯(y) and ψ(y), where the functional
derivative δ/δχ is defined in Appendix B. Using this fact and the condition
of the two-point function of θ (C.1) given in Appendix C, we obtain the
following condition:
〈θ¯(p)θ¯(−p)〉flat − 8p4µD−4Lc = finite (3.1)
in momentum space.
Next, we consider the following composite operator in flat space:
{A2} = D − 4
4β
F0µνF
µν
0
=
1
4
[FµνF
µν ] +
γ¯2
2β
[Eψ].
This field is related to the trace of energy-momentum tensor as θ¯|flat = β{A2},
up to the term of gauge-fixing origin which is disregarded because it gives
a vanishing contribution in physical correlation functions [9]. Note that θ¯ is
finite, while {A2} is not so due to the presence of the last term with 1/β in
the second line.
The two-point function of {A2} is denoted by ΓAA(p2) = 〈{A2(p)}{A2(−p)}〉flat
in momentum space. Here, although the composite operator {A2} is not fi-
nite, the contribution from the term with 1/β vanishes due to the property
6
of [Eψ]. Therefore, ΓAA is given by the two-point function of the normal
product [FµνF
µν ]. In such a correlation function, non-local divergences are
canceled out and thus it can be written in the form
ΓAA(p
2)− p4µD−4
(
D − 4
β
)2
Lx = finite, Lx =
∞∑
n=1
xn(α)
(D − 4)n . (3.2)
Here, the pure-pole term Lx is defined by this equation. The factor before
Lx is introduced for the later convenience. The residue x1 will be directly
calculated later.
Since β2ΓAA = 〈θ¯θ¯〉flat, we can see that combining (3.1) and (3.2), the
pure-pole terms satisfy the relation
(D − 4)2Lx − 8Lc = finite. (3.3)
From this, we obtain the relationship between the residues,
cn =
1
8
xn+2. (3.4)
This relation means that if the residue x3 is calculated, we can see the residue
c1 and then obtain the general cn from the RG equation (2.3).
So, we next derive the RG equation that relates x3 with x1. Here, we use
the fact that if F is a finite quantity, β−nµd(βnF )/dµ is also finite in spite
of the presence of the pole factor β−n because of β−nµdβn/dµ = nα∂β¯/∂α.
Applying this fact to the finite equation (3.2), we obtain
1
β2
µ
d
dµ
{
β2ΓAA(p
2)− p4µD−4(D − 4)2Lx
}
= finite.
Since β{A2} can be described in bare quantities, it satisfies µd(β{A2})/dµ =
0 such that the first term vanishes. Thus, we obtain the RG equation
1
β2
µ
d
dµ
{
µD−4(D − 4)2Lx
}
= finite. (3.5)
Expanding this equation and extracting the condition that poles cancel out,
we obtain
∂
∂α
(αx2)− β¯
α
∂
∂α
(
α2x1
)
= 0,
∂
∂α
(αx3)− β¯
α
∂
∂α
(
α2x2
)
+
β¯2
α2
∂
∂α
(
α3x1
)
= 0. (3.6)
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Using these equations, we can derive the residues x2 and x3 from x1. As is
apparent from the relation (3.4), the equation of xn for n ≥ 3 reduces to the
same form as (2.3).
3.2 Three-point functions
Next, we consider the three-point function of the energy-momentum ten-
sor. Here, we introduce new variable
θ¯2(x, y) =
δθ¯(x)
δΩ(y)
− 1
2
(D − 1) δθ¯(x)
δχ(y)
,
which satisfies the symmetric condition θ¯2(x, y) = θ¯2(y, x). In terms of θ¯ and
θ¯2, the condition of the three-point function of θ (C.3) can be written in flat
space as
〈θ¯(x)θ¯(y)θ¯(z)〉flat − 〈θ¯(x)θ¯2(y, z)〉flat − 〈θ¯(y)θ¯2(z, x)〉flat − 〈θ¯(z)θ¯2(x, y)〉flat
+
〈
δ3S
δΩ(x)δΩ(y)δΩ(z)
〉
flat
= finite.
The three-point function of {A2} is denoted by ΓAAA. Since θ¯|flat = β{A2}
and θ¯2(x, y)|flat = −4β{A2}δD(x− y), the condition above can be written in
momentum space as
β3ΓAAA(p
2
x, p
2
y, p
2
z) + 4β
2
{
ΓAA(p
2
x) + ΓAA(p
2
y) + ΓAA(p
2
z)
}
+b0B(px, py, pz) + c0C(px, py, pz) = finite.
The functions B and C are the contributions from the G4 and H
2 terms in
the action, respectively, which are defined by
B(p2x, p
2
y, p
2
z) = −2(D − 2)(D − 3)(D − 4)
×
[
p4x + p
4
y + p
4
z − 2
(
p2xp
2
y + p
2
yp
2
z + p
2
zp
2
x
)]
,
C(p2x, p
2
y, p
2
z) = −4
[
(D + 2)
(
p4x + p
4
y + p
4
z
)
+ 4
(
p2xp
2
y + p
2
yp
2
z + p
2
zp
2
x
)]
.
In the following, we consider the special cases that some momenta are
taken to be on-shell. Combining (3.2) and (3.3), we obtain the equations,
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β3ΓAAA(p
2, p2, 0)− 8(D − 4)p4µD−4Lc = finite, and
β3ΓAAA(p
2, 0, 0)− p4µD−4 [2(D − 2)(D − 3)(D − 4)Lb + 4(D − 6)Lc]
= finite. (3.7)
In general, removing the factor β3, ΓAAA has the following form:
ΓAAA(p
2
x, p
2
y, p
2
z)−
∑
poles×
{
ΓAA(p
2
x) + ΓAA(p
2
y) + ΓAA(p
2
z)
}
−µD−4∑ poles× {terms in p2i p2j} = finite. (3.8)
Since three-point functions with [Eψ] do not vanish, the term [Eψ]/β in {A2}
produces non-local poles because of the presence of 1/β. Thus, unlike ΓAA,
ΓAAA has non-local poles. The second term in (3.8) plays an important role
to cancel out such non-local poles.
In order to determine the pure-pole factor in front of ΓAA in (3.8), we
consider the equation obtained by applying α∂/∂α to (3.2), which yields the
equation for ΓAAA(p
2, p2, 0) because of α∂S/∂α|flat =
∫
dDx{−{A2} + (D −
4)[EA]/2β − (∂µA0µ)2/2ξ0} and α∂{A2}/∂α = −(α/β)(∂β¯/∂α){A2}. The
pole factor can be extracted from this equation and fixed to be (α2/β)∂(β¯/α)/∂α.
Therefore, ΓAAA(p
2, 0, 0) has the following form:
ΓAAA(p
2, 0, 0)− α
2
β
∂
∂α
(
β¯
α
)
ΓAA(p
2)− p4µD−4
(
D − 4
β
)3
Ly = finite. (3.9)
Here, the last pure-pole term Ly cannot be deduced from the equation for
ΓAAA(p
2, p2, 0) mentioned above. This term is therefore defined through this
equation, which is expanded as
Ly =
∞∑
n=1
yn(α)
(D − 4)n .
Multiplying (3.9) by β3 and using (3.2) multiplied by β2 and (3.3), we ob-
tain another equation including β3ΓAAA independent of (3.7). By eliminating
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β3ΓAAA from these equations, we obtain the following pole relation:
2
2(D − 2)(D − 3)(D − 4)Lb + 4
[
D − 6− 2α2 ∂
∂α
(
β¯
α
)]
Lc − (D − 4)3Ly
= finite. (3.10)
Finally, we derive the RG equation for Ly. As similar to the derivation
of (3.5), we consider the equation obtained by applying β−3µd/dµ to (3.9)
multiplied by β3. Noting that µd(β3ΓAAA)/dµ = µd(β
2ΓAA)/dµ = 0, we
obtain the following RG equation:(
D − 4
β
)3 [
(D − 4)Ly + βα ∂
∂α
Ly
]
+ α2
∂2β¯
∂α2
(
D − 4
β
)2
Lx = finite, (3.11)
where (3.2) is used.
4 Reconsiderations of Conformal Anomalies
Originally, Hathrell considered the three-type of gravitational couplings
denoted by a, b and c, as shown in the previous sections, and he concluded
that the R2 divergence appears at o(α3) even for QED in curved space.
However, on the other hand, the derived equation (3.10) gives the rela-
tionship between the pure-pole terms Lb and Lc through (3.3) and (3.11).
So, against his conclusion, his results rather indicate that the independent
gravitational counterterms are only two. In this section, we reconsider his
results in this context.
We here propose that the gravitational counterterms are given by the two
terms as
Sg =
∫
dDx
√
g {a0FD + b0GD} . (4.1)
The novel term GD is defined by
GD = G4 + (D − 4)χ(D)H2, (4.2)
2We here correct the typo in [8] on the sign before 2α2∂(β¯/α)/∂α in (3.10) and the
corresponding term in (3.9). It affects the calculations in Section 5.
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where χ(D) is a finite function of D only and thus this term reduces to the
Euler density at D = 4.
By repeating the previous procedure using the counterterm (4.1) again,
we can easily find that the finiteness conditions simply result in the Hathrell’s
RG equations, (3.3), (3.5), (3.10) and (3.11), under the relation
Lc − (D − 4)χ(D)Lb = finite. (4.3)
The RG equations (2.3) for an and bn are satisfied, and also for cn through
the relation (4.3), though there is no βc. Thus, we can make the theory finite
using two gravitational counterterms only. In the next section, we will show
that the function χ can be determined completely by solving the coupled RG
equations order by order.
On the other hand, we have to pay more attention to the calculation of
the finite quantities such as the expression of the conformal anomaly, because
the counterterm (4.1) implies that the finite parameter c is eliminated, while
extra finite terms are added.
According to the derivation briefly summarized in Appendix A, we find
that the expression of the normal product [F 2µν ] in the case of (4.1) can be
determined up to the total-divergence term as
1
4
[FµνF
µν ] =
D − 4
4β
F0µνF
µν
0 −
γ¯2
2β
[Eψ] +
D − 4
β
µD−4
[(
La +
β¯a
D − 4
)
FD
+
(
Lb +
β¯b
D − 4
)
GD − 4χ(D)(σ + Lσ)
D − 4 ∇
2H
]
, (4.4)
where σ is a finite function of α and Lσ =
∑
∞
n=1 σn/(D − 4)n, which will be
determined below. The factor χ in the last term is multiplied for convenience.
Using the expression of the normal product (4.4), the trace of the energy-
momentum tensor can be expressed in a manifestly finite form as
θ =
D − 4
4
F0µνF
µν
0 +
D − 1
2
E0ψ + (D − 4)
[
a0FD + b0
(
GD − 4χ(D)∇2H
)]
=
β
4
[FµνF
µν ] +
1
2
(D − 1 + γ¯2) [Eψ]− µD−4 (βaFD + βbGD)
−4µD−4χ(D) [(D − 4)b− σ + b1]∇2H. (4.5)
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Here, in the second equality, we use the consistency condition to make the
last term finite such as
(D − 4)(b+ Lb)− (σ + Lσ) = finite = (D − 4)b− σ + b1.
The right-hand side just appears in the last term of the expression (4.5). The
residue σn of Lσ is then determined using the residue of Lb as
σn = bn+1
for n ≥ 1.
Furthermore, in order to determine the finite value σ, we consider the
finite quantity β−1µd/dµ(β[FµνF
µν ]/4). Rewriting this expression using the
fact that the energy-momentum tensor is independent of µ, we obtain
1
β
µ
d
dµ
(
β
4
[FµνF
µν ]
)
= −1
2
α
∂γ¯2
∂α
[Eψ] + µ
D−4
(
α
∂β¯a
∂α
FD + α
∂β¯b
∂α
GD
)
+4µD−4χ(D)
{
D − 4
β
[(D − 4)b− σ + b1]
+
1
β
[
(D − 4)µ db
dµ
− µdσ
dµ
+ µ
db1
dµ
]}
∇2H. (4.6)
From the condition that the last term is finite, we obtain
σ = β¯b + b1
and then the inside of the bracket { } reduces to the finite value −α∂β¯b/∂α.
Substituting this result into (4.5), we obtain the following simpler expres-
sion of conformal anomaly:
θ =
β
4
[FµνF
µν ] +
1
2
(D − 1 + γ¯2) [Eψ]− µD−4 (βaFD + βbED) , (4.7)
where the quantity ED is defined by
ED = GD − 4χ(D)∇2H. (4.8)
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The GD and ∇2H terms in the right-hand side of the normal product (4.4)
are also unified in this form.
The novel function ED has a desirable property as the other conformal
anomalies FD and F
2
µν have, which is
δ
δΩ
∫
dDx
√
gED = (D − 4)ED.
Here, the volume integral of ED is nothing but the GD counterterm.
5 Determination of Gravitational Countert-
erms
In this section, we explicitly solve the RG equations and determine the
constant χ order by order.
To determine the pole terms, we need the information of the QED beta
function and the simple-pole residues of Lx and Ly. In this section, they are
expanded as follows:
β¯ = β1α + β2α
2 + β3α
3 + o(α4),
x1 = X1 +X2α +X3α
2 + o(α3),
y1 = Y1 + Y2α+ Y3α
2 + o(α3).
The specific values of these coefficients will be given in the next section.
We first calculate the residue xn. Using the RG equations (3.6), we can
derive x2 and x3 from x1. Furthermore, xn for n ≥ 4 can be derived from x3
using the fact that the RG equation of xn reduces to the same form as (2.3)
for n ≥ 3 as mentioned before. Using the expressions for β¯ and x1 above,
we derive the expression of xn to o(α
n+1) for each n. For the first several
residues, we obtain
x2 = β1X1α +
(
2
3
β2X1 + β1X2
)
α2 +
(
1
2
β3X1 +
3
4
β2X2 + β1X3
)
α3 + o(α4),
x3 = − 1
12
β1β2X1α
3 +
(
− 1
15
β22X1 −
1
10
β1β3X1 − 1
20
β1β2X2
)
α4 + o(α5),
13
x4 =
1
20
β21β2X1α
4 +
(
31
360
β1β
2
2X1 +
1
30
β21β2X2 +
1
15
β21β3X1
)
α5 + o(α6).(5.1)
Note that the lowest term of xn is given by o(α
n−1) for n ≤ 2, while for n ≥ 3
it is reduced to o(αn). It is probably associated with the fact that the RG
equation of xn becomes simpler for n ≥ 3. And also, the o(α3) term of x2
has the coefficient X3 of 3-loop origin, while the o(α
n+1) term of xn for n ≥ 3
does not include this coefficient.
The residue cn is also obtained through the relation cn = xn+2/8 (3.4),
and thus c1 starts from o(α
3).
Next, we calculate yn to o(α
n+1) for each n. Expanding the RG equation
(3.11) and evaluating the finiteness condition such that the n-th pole term
cancels out, we can derive the following relationship between the residues:
∂
∂α
(αyn+1) + β¯α
∂yn
∂α
+
n−1∑
m=1
(−1)m (m+ 1)(m+ 2)
2
β¯m
[
∂
∂α
(αyn−m+1) + β¯α
∂yn−m
∂α
]
+(−1)n (n+ 1)(n+ 2)
2
β¯n
∂
∂α
(αy1)− α2∂
2β¯
∂α2
n∑
m=1
(−1)mmβ¯m−1xn−m+1 = 0
(5.2)
for n ≥ 1. Since we have already derived the residue xn from x1, we can
derive the residue yn from x1 and y1 using this equation. The first several
residues are given by
y2 =
3
2
β1Y1α +
(
−2
3
β2X1 + β2Y1 +
5
3
β1Y2
)
α2
+
(
−3
2
β3X1 − 1
2
β2X2 +
3
4
β3Y1 +
5
4
β2Y2 +
7
4
β1Y3
)
α3 + o(α4),
y3 =
1
2
β21Y1α
2 +
(
−2
3
β1β2X1 +
5
8
β1β2Y1 +
2
3
β21Y2
)
α3 +
(
−3
2
β1β3X1
−1
2
β1β2X2 − 2
5
β22X1 +
3
4
β21Y3 +
59
60
β1β2Y2 +
1
5
β22Y1 +
9
20
β1β3Y1
)
α4
+o(α5),
y4 =
1
40
β21β2Y1α
4 +
(
1
30
β21β3Y1 +
13
240
β1β
2
2Y1 +
1
90
β21β2Y2 +
13
180
β1β
2
2X1
)
α5
14
+o(α6),
y5 = − 1
60
β31β2Y1α
5 +
(
− 53
1260
β21β
2
2X1 −
1
42
β31β3Y1 −
89
1680
β21β
2
2Y1
− 1
126
β31β2Y2
)
α6 + o(α7). (5.3)
Note that the lowest term of yn is given by o(α
n−1) for n ≤ 3, while for n ≥ 4
it starts from o(αn). And also, the o(αn+1) term of yn has the coefficient Y3
of 3-loop origin for n ≤ 3, while for n ≥ 4 it does not appear. This result
seems to reflect the fact that for n = k+3 with k ≥ 1 the RG equation (5.2)
reduces to the simpler form
∂
∂α
(αyk+4) + β¯α
∂yk+3
∂α
= −α2∂
2β¯
∂α2
(
xk+3 + β¯xk+2
)
,
as in the case of xn for n ≥ 3.
Now, we can solve the RG equation (3.10) under the relation (4.3). Ex-
panding (3.10) and extracting the finiteness condition that poles cancel out,
we obtain
4bn+1 + 6bn+2 + 2bn+3 − 8
[
1 + α2
∂
∂α
(
β¯
α
)]
cn + 4cn+1 − yn+3 = 0 (5.4)
for n ≥ 1. Since yn is related with cn through (5.2) and (3.4), this equation
connect bn with cn. Since the equation for n ≥ 2 can be derived from the
n = 1 equation using the other RG equations, we use the n = 1 equation
only below.
The D-dependent constant χ is expanded as a power series in D−4 such
as
χ(D) =
∞∑
n=1
χn(D − 4)n−1 = χ1 + χ2(D − 4) + χ3(D − 4)2 + · · · .
The relation (4.3) is then expressed as
c1 = χ1b2 + χ2b3 + χ3b4 + · · · ,
c2 = χ1b3 + χ2b4 + χ3b5 + · · · (5.5)
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and so on. Since bn (n ≥ 3) can be expressed by b2 using the RG equation
(2.3) for bn, this relation implies that cn can be obtained from b2.
Since c1 starts from o(α
3), b2 also starts from o(α
3). For the moment, b2
is expanded as follows:
b2 = B1α
3 +B2α
4 +B3α
5 + o(α6).
From the RG equation (2.3) for bn, we obtain the expressions
b3 = −3
5
β1B1α
4 −
(
1
2
β2B1 +
2
3
β1B2
)
α5 + o(α6),
b4 =
2
5
β21B1α
5 + o(α6),
b5 = o(α
6)
and so on.
Substituting these expressions into the RG equation (5.4) of n = 1 and
expanding up to α5, we obtain
4 (1− 2χ1)B1α3 +
{
4 (1− 2χ1)B2 + 6
5
(−3− 2χ1 + 4χ2)β1B1
}
α4
+
{
4 (1− 2χ1)B3 + (−3− 10χ1 + 4χ2)β2B1 + 4
3
(−3− 2χ1 + 4χ2) β1B2
+
4
5
(1 + 2χ2 − 4χ3) β21B1
}
α5 − y4(α) = o(α6). (5.6)
Here, note that the residue y4 starts from o(α
4). Thus, from the vanishing
condition at o(α3), the coefficient χ1 is determined to be
χ1 =
1
2
. (5.7)
This is just the result found by Hathrell, which is expressed as b2 = 2c1+o(α
4)
in his paper [8].
Since χ1 = 1/2, the B2-dependence of o(α
4) in (5.6) disappears. There-
fore, substituting the explicit expression of y4 (5.3) into (5.6), we obtain the
expression
χ2 = 1 +
1
192
β1β2Y1
B1
(5.8)
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from the vanishing condition at o(α4). Using the relation (5.5) and the result
(5.7), we can derive
B1 = − 1
48
β1β2X1 (5.9)
from the expression of c1 at o(α
3) which can be read from (5.1) through the
relation (3.4). Substituting this expression, we obtain
χ2 = 1− Y1
4X1
. (5.10)
Using the result (5.10), the coefficient B2 can be calculated from the
expression of c1 at o(α
4) as
B2 = − 1
160
(
4β21β2X1 +
8
3
β22X1 + 4β1β3X1 + 2β1β2X2 − β21β2Y1
)
. (5.11)
Furthermore, since the B3-dependence in (5.6) disappears due to (5.7),
we can solve the condition (5.6) at o(α5) using the expressions of (5.9), (5.11)
and (5.10). Thus, we obtain
χ3 =
1
8
(
2− Y1
X1
)(
3− Y1
X1
)
− 1
6
β2
β21
(
1− Y1
X1
)
+
1
6
X2
β1X1
(
Y2
X2
− 3
2
Y1
X1
)
.(5.12)
As a result, χ3 does not depend on β3.
In this way, we can determine the coefficient χn order by order.
6 Values of The Parameters
Let us determine the coefficients χn and the residues of pole terms by
substituting the concrete values. The coefficients of the beta function up to
3-loop order are computed as [10]
β1 =
8
3
1
4pi
, β2 = 8
1
(4pi)2
, β3 = −124
9
1
(4pi)3
. (6.1)
The first two are used to determine χ1,2,3 below and the last is necessary to
calculate the residue bn to o(α
n+2) for each n.
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The values of X1,2 and Y1,2 are obtained from the direct 2-loop compu-
tations of ΓAA and ΓAAA, respectively [8]. The function ΓAA is calculated
as
ΓAA(p
2)(2pi)DδD(p+ q)
=
(
D − 4
β
Z3
)2
1
4
∫
dDk
(2pi)D
dDl
(2pi)D
Kµν(k, k − p)Kλσ(l, l − q)
×〈Aµ(k)Aν(p− k)Aλ(l)Aσ(q − l)〉flat,
where
Kµν(k, k − p) = k · (k − p)δµν − (k − p)µkν .
The renormalization factor Z3 arises by replacing F0µν in {A2} with Z1/23 Fµν .
The four-point function of Aµ is evaluated up to o(α) for the diagrams such
that two composite operators are connected. Carrying out the momentum
integrals, we obtain
ΓAA(p
2) =
p4µD−4
(4pi)2
{
−1
2
1
D − 4 +
α
4pi
(
4
3
1
(D − 4)2 +
5
3
1
D − 4
)}
+ finite.
From this expression, we obtain the coefficients of x1 as
X1 = −1
2
1
(4pi)2
, X2 =
5
3
1
(4pi)3
. (6.2)
Taking account of the factor ((D−4)/β)2 in (3.2) introduced for convenience,
the lowest order term of x2 is also determined to be −4α/3(4pi)3, which is
consistent with the RG equation (3.6).
Similarly, the three-point function ΓAAA with two on-shell momenta is
calculated as
ΓAAA(p
2, 0, 0) =
p4µD−4
(4pi)2
{
−1
2
1
D − 4 +
α
4pi
(
2
1
(D − 4)2 +
11
6
1
D − 4
)}
+ finite.
From this expression, we obtain the coefficients of y1 as
Y1 = −1
2
1
(4pi)2
, Y2 =
11
6
1
(4pi)3
. (6.3)
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The lowest order term of y2 is determined to be −2α/(4pi)3 from (3.9), which
is consistent with the RG equation (5.2).
Substituting the values of X1,2 and Y1,2 into (5.10) and (5.12), we finally
obtain
χ2 =
3
4
, χ3 =
1
3
. (6.4)
Now, we give some comments on the universality of the function χ. First,
the value χ1 = 1/2 is probably independent of the theory. It has been
confirmed for conformally coupled massless scalar theory [7] and Yang-Mills
theory [9]. Especially for Yang-Mills theory, the other coefficients of χ may
also be the same as (6.4) because the residues of pole terms satisfy almost
the same RG equations as those of QED.3
Furthermore, χ1 and χ2 agree with those conjectured in the model of
quantum gravity [11], but χ3 unfortunately disagrees. It seems that the
condition imposed to determine the action GD in [11] may be somewhat
strong. However, the difference is of higher orders and does not affect the
loop calculations done there. Thus, the result is also consistent with quantum
corrections including gravity.
7 Gravitational Effective Action
Finally, we discuss the properties of the conformal anomaly ED and its
physical implications to the effective action.
Consider the conformal variation δωgµν = 2ωgµν of the gravitational ef-
fective action Γ as
δωΓ =
∫
dDx
√
gω
{
η1R
2
µνλσ + η2R
2
µν + η3R
2 + η4∇2R
}
.
The right-hand side describes possible expressions of conformal anomalies.
TheWess-Zumino consistency condition [12, 13] inD dimensions, [δω1 , δω2 ]Γ =
3On the other hand, as for scalar theory, we are afraid that some uncertainty in the
coupling with gravity may be left yet.
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0, gives the condition for the parameters as [11]
4η1 +Dη2 + 4(D − 1)η3 + (D − 4)η4 = 0.
Three independent combinations satisfying this equation are given by the
square of the Weyl tensor in D dimensions FD, the usual Euler density G4
and
MD = (D − 4)H2 − 4∇2H.
Note that MD corresponds to what is called the trivial conformal anomaly,
but it is no longer trivial in D dimensions. The function ED can be written
in a linear combination of the usual Euler density and this function as ED =
G4 + χ(D)MD.
Let us consider the four-dimensional limit in the following. Using the
value (5.7), we find that the function ED reduces to the form
E4 = G4 − 2
3
∇2R. (7.1)
This is just the combination proposed by Riegert [14]. When the metric
field is decomposed into the conformal factor and others as gµν = e
2φg¯µν , the
function (7.1) satisfies the relation
√
gE4 =
√
g¯(4∆¯4φ+E¯4), where
√
g∆4 is a
conformally invariant fourth-order differential operator for a scalar quantity
defined by
∆4 = ∇4 + 2Rµν∇µ∇ν − 2
3
R∇2 + 1
3
∇µR∇µ.
The non-local action obtained by integrating the conformal anomaly b1
√
gE4
over the conformal mode φ is expressed as [14]
b1
8
∫
d4x
√
gE4
1
∆4
E4. (7.2)
This action is the four-dimensional version of the Polyakov’s non-local action∫
d2x
√
gR∆−12 R [15], where ∆2 = −∇2 is a conformally invariant operator
in two dimensions.
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The local part of (7.2) is given by b1
√
g¯(2φ∆¯4φ+ E¯4φ), called the Riegert
action. Thus, the kinetic term of the conformal mode is induced quantum
mechanically. As similar to two dimensional gravity, the Riegert action can
be quantized [16, 17, 18, 19, 20, 21] and it has been known that the combined
system of the Riegert and the Weyl actions generates the BRST operator of
quantum diffeomorphism that imposes for physical field operators to be, in
CFT terminology, Hermitian primary scalars only [20, 21].
8 Conclusions
One of the significant observations that should be emphasized here is as
follows. Classically, there is some uncertainty in how to choose the com-
binations of the fourth-order gravitational actions and their dimensionless
coupling constants. When going to quantum field theory, however, it is pos-
sible to settle the problem of uncertainty by imposing the finiteness condition
of renormalization.
In this paper, reconsidering the Hathrell’s RG equations, we determined
the expressions of the gravitational counterterms (4.1) and the conformal
anomalies (4.7) for the dimensionally regularized QED in curved spacetime.
We showed that at all orders of the perturbation, the independent expressions
of them are only two: the square of the Weyl tensor in D dimensions FD (2.1)
and the modified Euler density ED (4.8) whose bulk part is given by GD (4.2).
The D-dependent constant χ(D) can be determined order by order in series
of D − 4, whose first several terms were calculated explicitly as
χ(D) =
1
2
+
3
4
(D − 4) + 1
3
(D − 4)2 + o((D − 4)3).
The number of the gravitational coupling constants was reduced to two.
The situation will be maintained in conformally coupled theories. This is one
of the results we have hoped for, because we think that the number of the
couplings is too many to describe the dynamics of gravity. Especially, the
elimination of the coupling c before the R2 action is significant to describe
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the dynamics of the conformal factor which will govern the evolution of the
early universe.
Unlike the Hathrell’s result (2.4), the final expression of conformal anomaly
(4.7) has a suitable structure that when taking the D → 4 limit, the de-
pendence on the unspecified parameters µ, a and b all disappears and the
ambiguous ∇2R term is fixed in the form E4 (7.1). Since χ(4) = 1/2 is a con-
stant independent of the theory, the combination E4 is probably a universal
expression of conformal anomaly at four dimensions.
Finally, we summarize the residues for the counterterm GD, which were
determined using the QED beta function up to 3 loop order as
b1 =
73
360
1
(4pi)2
− 1
6
α2
(4pi)4
+
25
108
α3
(4pi)5
+ o(α4),
b2 =
2
9
α3
(4pi)5
+
22
135
α4
(4pi)6
+ o(α5).
Here, b2 is obtained from the expressions (5.9) and (5.11) and b1 is calculated
from b2 using the RG equation (2.3) for bn. The constant independent of α
in b1 cannot be determined from the RG equation, which is calculated from
the direct 1-loop calculation. The o(α3) term of b1 and the o(α
4) term of b2
are new results. The other residues are summarized in Appendix D. For the
completion, we also add the value of the residue a1 [4],
a1 = − 3
20
1
(4pi)2
− 7
72
α
(4pi)3
+ o(α2),
which can be calculated using (C.2) in Appendix C.
A Derivation of The Normal Product [FµνF
µν]
We here briefly summarize how to derive the expression of the normal
product [FµνF
µν ] [8].
First, we consider the finite quantity obtained by applying ξ∂/∂ξ to the
renormalized correlation function 〈∏NAj=1Aµj (xj)∏Nψk=1(ψ or ψ¯)(xk)〉. We then
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obtain
〈∫
dDx
√
g
{
1
ξ
(∇µAµ)2 − [Eψ]ξ ∂
∂ξ
logZ2
}
NA∏
j=1
Aµj (xj)
Nψ∏
k=1
(
ψ or ψ¯
)
(xk)
〉
= finite. (A.1)
Next, in order to obtain a finite expression including F0µνF
µν
0 , we consider
the finite quantity derived by applying α∂/∂α to the renormalized correlation
function. The α-dependences of various bare parameters are calculated as
α∂e0/∂α = (D − 4)e0/2β, α∂ξ0/∂α = ξ0β¯/β, α∂(logZ3)/∂α = β¯/β and
α∂(logZ2)/∂α = [γ2+β¯ξ∂(logZ2)/∂ξ]/β for the QED sector. For the gravity
sector, we obtain α∂a0/∂α = −µD−4[(D−4)La+ β¯a]/β and similar equations
for b0 and c0. Using these, we finally obtain〈∫
dDx
√
g
{
D − 4
4β
F0µνF
µν
0 −
γ¯2
2β
E0ψ +
D − 4
β
µD−4
[(
La +
β¯a
D − 4
)
FD
+
(
Lb +
β¯b
D − 4
)
G4 +
(
Lc +
β¯c
D − 4
)
H2
]}
NA∏
j=1
Aµj (xj)
Nψ∏
k=1
(
ψ or ψ¯
)
(xk)
〉
= finite.
Here, we use the fact that NA and Nψ can be replaced with the volume
integrals of the equation-of-motion operators E0A and E0ψ (B.1) in the cor-
relation function. The interaction term e0ψ¯0γ
µψ0A0µ is also eliminated by
using E0A and then the kinetic term of gauge field appears. The finite com-
bination (A.1) and the apparently finite quantity put away to the right-hand
side.
This equation means that the inside of the bracket { } is the normal
ordered quantity up to total divergences. Here, noting that (D − 4)/β =
1 +
∑
poles (2.2), it has the structure of the normal product mentioned in
the text and thus it is identified with [FµνF
µν ]/4. Since the candidate for
the total divergence term is only ∇2H , we obtain
1
4
[FµνF
µν ] =
D − 4
4β
F0µνF
µν
0 −
γ¯2
2β
E0ψ +
D − 4
β
µD−4
[(
La +
β¯a
D − 4
)
FD
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+(
Lb +
β¯b
D − 4
)
G4 +
(
Lc +
β¯c
D − 4
)
H2 − 4(σ + Lσ)
D − 4 ∇
2H
]
.
(A.2)
Here, σ is a finite function of α and Lσ is the pure-pole term, which are
defined through this equation. These quantities are determined by imposing
other finiteness conditions. The results are given in the text.
B The Equation-of-Motion Operators
The equation-of-motion operators for gauge and fermion fields are defined,
respectively, by
E0A =
1√
g
A0µ
δS
δA0µ
= A0µ∇νF µν0 − e0ψ¯0γµA0µψ0 −
1
ξ0
A0µ∇µ∇νA0ν ,
E0ψ =
δS
δχ
≡ 1√
g
(
ψ¯0
δS
δψ¯0
+ ψ0
δS
δψ0
)
= 2iψ¯0
↔
D/ ψ0, (B.1)
where covariant derivative with arrow
↔
Dµ is defined by replacing ∂µ in Dµ
with (
−→
∂µ −←−∂µ)/2.
Although the equation-of-motion operators are written in terms of the
bare fields, they are finite in correlation functions. It is demonstrated in the
path integral formalism as follows. Carrying out an integration-by-part, we
obtain the following relations:
〈
E0A(x)
NA∏
j=1
Aµj (xj)
〉
=
NA∑
j=1
1√
g
δD(x− xj)
〈
NA∏
j=1
Aµj (xj)
〉
,
〈
E0ψ(x)
Nψ∏
j=1
(
ψ or ψ¯
)
(xj)
〉
=
Nψ∑
j=1
1√
g
δD(x− xj)
〈Nψ∏
j=1
(
ψ or ψ¯
)
(xj)
〉
.
(B.2)
Here, note that there is no term from functional differentials at the same
point, because it is dimensionally regularized to zero such as δAµ(x)/δAν(x) =
δµνδ
D(0) = 0. The right-hand sides are obviously finite and thus the left-hand
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sides are also finite. So, the equation-of-motion operators can be written in
terms of the normal products as
E0A = [EA], E0ψ = [Eψ].
From (B.2),
∫
dDx
√
gE0A and
∫
dDx
√
gE0ψ can be replaced with the numbers
NA and Nψ, respectively, in correlation functions.
C Finiteness Conditions for Two and Three-
Point Functions
The energy-momentum tensor is defined by θµν = (2/
√
g)δS/δgµν and its
trace is denoted by θ = θµµ = δS/δΩ. The energy-momentum tensor of the
QED sector is given by
θµνQED = −F µλ0 F ν0λ +
1
4
gµνF0λσF
λσ
0 −
i
2
ψ¯0
(
γµ
↔
Dν +γν
↔
Dµ −2gµν
↔
D/
)
ψ0
and its trace is
θQED = (D − 4)1
4
F0µνF
µν
0 + (D − 1)iψ¯0
↔
D/ ψ0.
Here, we disregard the term of gauge-fixing origin because it gives no contri-
bution in physical correlation functions.
Since the partition function is finite, its gravitational variations are also
finite. Thus, carrying out the variation two times, we obtain
〈θµν(x)θλσ(y)〉 − 2√
g(y)
〈
δθµν(x)
δgλσ(y)
〉
= finite.
Taking the flat space limit and going to momentum space, we obtain the
following condition:
〈θµν(p)θλσ(−p)〉flat − a0Aµν,λσ(p)− c0Cµν,λσ(p) = finite,
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where the functions Aµν,λσ and Cµν,λσ are defined by
Aµν,λσ(p) =
4(D − 3)
D − 2
[
p4(δµλδνσ + δµσδνλ)− p2(δµλpνpσ + δµσpνpλ + δνλpµpσ
+δνσpµpλ) + 2pµpνpλpσ
]
− 8(D − 3)
(D − 1)(D − 2)
[
p4δµνδλσ
−p2(δµνpλpσ + δλσpµpν) + pµpνpλpσ
]
,
Cµν,λσ(p) =
8
(D − 1)2
[
p4δµνδλσ − p2(δµνpλpσ + δλσpµpν) + pµpνpλpσ
]
,
which are derived from the FD and H
2 terms in the action, respectively.
Contracting the indices of the energy-momentum tensor, we obtain
〈θ(p)θ(−p)〉flat − 8c0p4 = finite (C.1)
and
〈θµν(p)θµν(−p)〉flat − 4(D − 3)(D + 1)a0p4 − 8
D − 1c0p
4 = finite. (C.2)
And also from the variation of the partition function with respect to Ω
three times, we obtain
〈θ(x)θ(y)θ(z)〉 −
〈
δθ(x)
δΩ(y)
θ(z)
〉
−
〈
δθ(y)
δΩ(z)
θ(x)
〉
−
〈
δθ(z)
δΩ(x)
θ(y)
〉
+
〈
δθ(x)
δΩ(y)δΩ(z)
〉
= finite. (C.3)
D Values of The Residues
Substituting the values (6.1) and (6.2) into the expression of xn (5.1), we
obtain
x1(α) = −1
2
1
(4pi)2
+
5
3
α
(4pi)3
+ o(α2),
x2(α) = −4
3
α
(4pi)3
+
16
9
α2
(4pi)4
+ o(α3),
x3(α) =
8
9
α3
(4pi)5
− 40
27
α4
(4pi)6
+ o(α5),
x4(α) = −64
45
α4
(4pi)6
− 224
243
α5
(4pi)7
+ o(α6).
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Substituting (6.1), (6.2) and (6.3) into the expression of yn (5.3), we
obtain
y1(α) = −1
2
1
(4pi)2
+
11
6
α
(4pi)3
+ o(α2),
y2(α) = −2 α
(4pi)3
+
184
27
α2
(4pi)4
+ o(α3),
y3(α) = −16
9
α2
(4pi)4
+
740
81
α3
(4pi)5
+ o(α4),
y4(α) = −32
45
α4
(4pi)6
− 9712
1215
α5
(4pi)7
+ o(α6),
y5(α) =
512
405
α5
(4pi)7
+
416128
25515
α6
(4pi)8
+ o(α7).
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